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INDETERMINATE FORMS IN TRIGONOMETRY. 
By M. O. Tripp. 

The subject of indeterminate forms is usually treated in 
algebra or in calculus ; and hence it seldom occurs to the student 
that these forms may occur in trigonometry. It is sometimes 
desirable to examine critically some of the operations in prov- 
ing identities, so that a false conclusion may not be drawn. Fre- 
quently the process of dividing both numerator and denominator 
by a factor holds only for certain values of the variable, or 
variables, involved. The occasional presence of indeterminates 
in solving spherical triangles teaches us that a spherical triangle 
is not always determined when three parts are given, as is some- 
times supposed. 

As an illustration of the danger involved in not being on the 
lookout for indeterminates, let us try to prove the identity 

(i + tan 0)(i+cot 9) sin 9 cos 9= (sin + cos 0)*. 

This can be rewritten in the form 



( I + c^b) 



(i + cot 9) sin cos = sin 2 + 2 sin cos 6 + cos 2 0, 



sin cos = sin 2 + 2 sin cos + cos 2 0. 



or 

I + 2COt0 + COt 2 

cotd 
Clearing of fractions, 

sin 9 cos + 2 sin 9 cos cot 9 + sin 9 cos cot 2 

= sin 3 cot + 2 sin 9 cos cot + cos 2 cot . 

Simplifying and transposing, 

sin cos 9 — sin 2 9 cot = cos 2 cot — sin 9 cos 9 cot 2 . 

Factoring on each side, 

sin 9 (cos — sin cot ) = cos cot (cos 9 — sin cot ) . 
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If we now cancel the factor (cos 6 — sin 6 cot 6) on each side 
of the equation, we get 

sin 0=cos cot 0, 

a result which is* obviously not true for all values of 0. The 
difficulty is that the factor (cos 6 — sin 8 cot 0) is always zero; 
so that, in reality, the cancelling of this factor is the same as 
taking o/o as unity. 

In the proving of identities students frequently make the mis- 
take of assuming that they have proven an identity true when, 
by operating in the same way on each side of a supposed identity, 
they obtain an equation, known to be true. Whereas, the real 
proof consists in starting from the equation known to be true, 
and proceeding to the supposed identity, step by step. For 
example, let us try to prove that 

a=b. 

Multiplying each side by o, we get 

a-o=bo, 

a relation which is true ; but we cannot pass from the latter rela- 
tion to the former, because we encounter the indeterminate 
form o/o. 

In passing from a supposed identity to a known identity, the 
supposed identity 19 proven true only in case every operation in 
the transformation is uniquely reversible. Suppose, for ex- 
ample, we try to prove that 



Squaring 



a* = (fi; 



but from this we cannot assume that 

o= — a, 

since square root is not the unique reversal of squaring. 
If we transform the equation 

. sin x cos y + cos x sin y . . 

tan (x + y) = ■ ; = — (J) 

v J cos x cos y — sin x sin y 
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into 

. , . tan x + tan y . . 

tan (x + y) = — — f- (2) 

1 — tan x tan y 

by dividing both numerator and denominator on the right of 
equation (1) by cos x cos y, it should be noted that this process 
is valid only when 

cos jr=)=o and cos y =4=0. 

Teachers sometimes have a wrong impression in regard to the 
determination of what is called the "true value" of an inde- 
terminate expression. Such an expression as 

x 2 — 4 

X — 2 

has no determinate value when x=2. There is no such thing 
as a true value of this expression when x =2, except by 
definition. 

An interesting case of indeterminate forms comes up in 
spheric trigonometry, in trying to determine the remaining parts 
of a spheric triangle when the three given parts are 0=90°, 
6=90°, A = off . The law of sines gives B = go°. 

If we use these values in the formula 



we find 



c cos j(A+B) 
tan i = cos^-5)- tan * (a + &) ' 



c o 

tan - = - • 00 , 
2 1 



which is indeterminate, just as it should be, that is, the remain- 
ing parts cannot be determined ; in fact c and C may have any 
value. 

It is hoped that this brief article will suffice to call attention 
to the dangers involved in trigonometric operations on account 
of the possible presence of indeterminate expressions. Many 
teachers feel that indeterminates should not be taught in ele- 
mentary mathematics ; but unfortunately the teacher occasionally 
finds himself forced to take up the topic, whether he wishes to 
or not. 
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